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We investigate the role played by large diffeomorphisms of quantum isolated horizons for the
statistics of Loop Quantum Gravity (LQG) black holes by means of their relation to the braid
group. To this aim the symmetries of Chern-Simons theory are recapitulated with particular regard
to the aforementioned type of diffeomorphisms. For the punctured spherical horizon, these are
elements of the mapping class group of S2, which is almost isomorphic to a corresponding braid
group on this particular manifold. The mutual exchange of quantum entities in two dimensions is
achieved by the braid group, rendering the statistics anyonic. With this we argue that the quantum
isolated horizon model of LQG based on SU(2)k-Chern-Simons theory exhibits non-abelian anyonic
statistics. In this way a connection to the theory behind the fractional quantum Hall effect and that
of topological quantum computation is established, where non-abelian anyons play a significant role.
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I. INTRODUCTION
When considering spacetimes with boundaries or
asymptotic regions, the variational principle applied to
the Einstein-Hilbert action is solely fulfilled upon the im-
position of boundary conditions onto the fields and the
inclusion of boundary terms into the action [1]. As a
consequence of the latter, gauge and diffeomorphism in-
variances get broken and field configurations which used
to be in the same gauge orbit are not so anymore. Dif-
ferently spelled, at the boundary gauge transformations
become symmetry transformations [2] and the physical
states of the respective quantum theory are allowed to
transform under representations of the group of these
boundary transformations [3].
Distinct from them are large gauge and diffeomorphism
transformations which are not imposed by constraints
but also have an interesting effect on the boundary states
of the theory [4]. This motivates us to have a closer look
onto the taxonomy of transformations in the Loop Quan-
tum Gravity (LQG) description of black holes based on
isolated horizons (IH) and Chern-Simons (CS) theory.
The horizon of black holes as an inner boundary of space
can be described in equilibrium locally by the isolated
horizon boundary condition [5]. The introduction of this
notion is justified since the usual definition of a black
hole as a spacetime region of no escape is global. This
means that it requires the knowledge of the entire space-
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time as well as that it be in equilibrium and consequently
it does not appear to be useful for the description of local
physics. However, these problems are solved within the
quasilocal notion of an isolated horizon. From a physical
point of view its introduction amounts to having no fluxes
of matter and/or gravitational energy across it. From a
technical point of view the boundary conditions lead to
a surface term for the horizon in the overall action of the
gravitational field which in terms of Ashtekar-Barbero
variables is proportional to the action of a topological
gauge theory, namely CS-theory. Furthermore, one can
show that this description is fully compatible with the
laws of black hole mechanics.
The quantum geometric handling of spacetimes with such
an isolated horizon by means of LQG techniques de-
scribes the quantum geometry of the bulk by a spin net-
work, whose graph pierces the horizon surface yielding
punctures. The totality of the punctures forms a gas
of topological defects which represent the quantum ex-
citations of the gravitational field of the horizon. These
black hole quantum d.o.f. are then described by SU(2)-
CS-theory at level k given on a punctured 2d-sphere [6, 7].
Equipped with this, one sets out to count the microstates
of the corresponding Hilbert space [6–15]. Together with
the introduction of proper notions of a quasi-local energy
and a local temperature of the isolated horizon its statis-
tical mechanical analysis is facilitated [16–18]. With this
an expression for the entropy is obtained which is re-
markably compatible with the semiclassical Bekenstein-
Hawking area law [19, 20] up to a quantum hair correc-
tion due to the quantum geometry of the isolated horizon.
Despite these successes in matching the semiclassical re-
sults, the question was raised whether the statistics of
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the quantum gravitational d.o.f. could actually be dif-
ferent [17, 21] from the one assumed, considering the
well-known fact from solid state physics that quantum
objects in 2d obey anyonic statistics. This is the reason
why we are motivated to turn hereafter to the seemingly
more exotic type of statistics, generally termed as any-
onic/braiding statistics and investigate its bearing on the
LQG black hole model. Drawing from CFT techniques,
we will be led to the reinterpretation of the quantum
isolated horizon model as one which explicitly exhibits
non-abelian anyonic statistics.
To this aim, the article is organized as follows. As a
background for our work we assume the isolated horizon
framework [5] and its quantization a` la LQG. Since there
one borrows techniques from CS-theory [6, 7], for rea-
sons of self-consistency and completeness we will firstly
review the symmetries of CS-theory as well as its Hamil-
tonian formulation in section (II A). Then we recapitulate
properties of the LQG black hole model and its statistics
in the following subsection (II B). Assuming that in the
purely gravitational case the horizon states are distin-
guishable throughout the article, we will summarize the
motivation for this in (II C). The reader familiar with
these reviewed concepts and ideas is invited to jump di-
rectly into the third and core section (III) where we elab-
orate the main and new results. There we will firstly in-
spect the topological features of the physical phase space
and its relation to the braid group, which reveals the any-
onic nature of the horizon degrees of freedom in (III A).
Afterwards we will further investigate the braid group
symmetry of the punctured sphere by relating it to the
large diffeomorphisms of the horizon and discuss the ef-
fect of the occurring non-abelian phases in (III B). We
will then connect the discussion of this property of the
horizon d.o.f. to formal aspects of the theory of non-
abelian anyons known from solid state physics in (III C).
Since the article suggests that the braiding symmetry/
statistics is suppressed for a large values of the CS-level
k, we comment on the sensitivity of the entropy to k and
give qualitative arguments why the black hole radiance
spectrum should display traces of the braiding in (III D).
Finally, the last section (IV.) closes the article with a dis-
cussion of the results and comments on possible future
investigations. The Appendixes supplement the material
where suitable and needed.
II. CHERN-SIMONS THEORY AND LQG
BLACK HOLES
A. Symmetries of Chern-Simons theory
Within this subsection we will revise essentials of CS-
theory with special regard to its symmetry properties,
the difference between small and large diffeomorphisms
and its Hamiltonian formulation which will be exploited
afterwards.
The action of CS-theory on an oriented smooth 3-
manifold M is given as
SCS [A˜] =
k
4pi
∫
M
Tr(dA˜ ∧ A˜+ 2
3
A˜ ∧ A˜ ∧ A˜), (1)
for a G-valued connection A˜ = A˜iµJidx
µ and k denotes
the coupling constant (level). G is a compact, simple and
simply connected Lie group and the generators {Ji} with
i = 1...dimG form the basis of the corresponding Lie
algebra. Stationarity of the action leads to the equation
of motion
F = dA˜+ A˜ ∧ A˜ = 0. (2)
Inspecting its gauge symmetries, the overall gauge group
is given by the semi-direct product of Diff0(M) with
the infinite dimensional and possibly topologically non-
trivial G = C∞(M,G) [22, 23].
Let us dwell for a moment on this point and firstly con-
sider transformations which are elements in G. This leads
us to the well-known transformation law for the connec-
tion
A˜→ A˜g = gA˜g−1 − (dg)g−1, (3)
with g ∈ G. In fact, G comprises two parts which are
called small and large gauge transformations. We call
gauge transformations small if they are connected to the
identity and one easily sees that SCS is invariant with
respect to them. Let g be such a transformation given in
its finite form as g = exp(iJiζ
i) where ζi are the gauge
parameters. Infinitesimally, g ≈ 1 − iJiζi with ζ << 1
and this yields
δA˜ = A˜g − A˜ ≈ dA˜ζ. (4)
Importantly, invariance under small gauge transforma-
tions is not enough to guarantee the invariance with re-
spect to finite transformations. This is due to the fact
that there are topologically non-trivial finite gauge trans-
formations with homotopy class different from 0. One
calls them large gauge transformations. If one demands
that the path integral
Zk(M) =
∫
DA˜ eiSCS [A˜] (5)
is a gauge invariant object with respect to small and large
gauge transformations, it can be shown that for closed M
and compact G the coupling constant k must be an inte-
ger and is hence discrete.
Similar to G, one differentiates between two types of dif-
feomorphisms, namely small and large ones. Diffeomor-
phisms in Diff0(M) are homotopic to the identity, can be
infinitesimally generated and are called small. Since CS-
theory is a TQFT of Schwarz type, its action, equations
of motion and observables do not require the existence
of a metric. It is thus diffeomorphism invariant [22, 24],
i.e. invariant with respect to Diff0(M). Large diffeo-
morphisms on the other hand cannot be obtained from
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summing up an infinite number of infinitesimal transfor-
mations and are not homotopic to the identity. They
form a group called the mapping class group which is de-
noted by MCG(G) = Diff(M)/Diff0(M).
In the context of CS-theory one can show that on shell,
i.e. when (2) is fulfilled, small diffeomorphisms are
equivalent to small gauge transformations. To see this,
consider the change of the connection A˜ under an in-
finitesimal coordinate transformation xµ → xµ + ξµ with
µ ∈ {0, 1, 2}. This is expressed as
δξA˜ = LξA˜ = (iξd+ diξ)A˜ = iξF + dA˜(iξA˜), (6)
wherein dA˜ denotes the gauge-covariant exterior deriva-
tive and ξ is an infinitesimal generator of small diffeo-
morphisms. On shell this expression is just an ordinary
infinitesimal gauge transformation (4) with the gauge pa-
rameter ζi = ξµA˜iµ.
In stark contrast to this, large diffeomorphisms and large
gauge transformations are discrete and strictly distinct
symmetries of the theory. In the quantum theory one
cannot simply demand that quantum states should be
invariant under the action of these groups. Instead, they
can act as symmetry transformations on the states. In
the later course of this article we will argue for the im-
portance of the mapping class group for the treatment
of the quantum isolated horizon framework of LQG and
we will relate it to the statistical symmetry giving rise to
braided/anyonic statistics.
All these symmetry considerations also hold for the
Hamiltonian formulation of CS-theory [22, 25–27].
There, the gauge field is split into A˜ = A0dx
0 + Aadx
a
due to the product structure of M = R × Σ, where Σ is
an arbitrary orientable surface. Then the spatial com-
ponents A = Aadx
a of the gauge field are considered as
the dynamical variables. The appearing A0-component
has null conjugate momentum and serves as a Lagrange
multiplier in the action
S =
k
4pi
∫
R
∫
Σ
Tr(−A∂0A+ 2A0F ), (7)
enforcing the first class constraint F = 0. From the
infinitesimal variation of the action one also obtains a
boundary term, which we can identify as the symplectic
potential
θ =
k
4pi
∫
Σ
Tr(A ∧ δA) + δρ[A]. (8)
Therein ρ denotes an arbitrary functional of A and δρ
expresses the freedom of canonical transformations [28].
The symbol δ corresponds to the exterior derivative on
the space of gauge potentials on Σ. With this the sym-
plectic 2-form is obtained by
ω = δθ =
k
4pi
∫
Σ
Tr(δA ∧ δA). (9)
If gauge symmetries have not yet been reduced out, ω is
presymplectic and thus has zero modes generating gauge
symmetries as discussed above. Upon symplectic reduc-
tion one yields the physical or reduced phase space. We
consider ω to be non-degenerate below.
Together with the physical phase space given by the mod-
uli space of flat connections
Γ = {A|F = 0}/G, (10)
we have a symplectic manifold (Γ, ω), where G =
C∞(Σ, G).
B. LQG black hole model and its statistical
mechanics
This subsection revises parts of the classical isolated
horizon framework and its quantization [6, 7, 11, 12] and
summarizes essentials of their statistical mechanical anal-
ysis as in [17]. This review material is needed for the
understanding of the rest of this article in view of the
anyonic statistics to be analyzed in section (III).
The isolated horizon field theory lives on a 3-manifold ∆,
which is a cylinder ∆ = R×S2, where R parametrizes the
time t and G is SU(2) hereafter. Spherically symmetric
isolated horizons can be described as a dynamical system
by a presymplectic form ωhorizon, which corresponds to
that of an SU(2)-CS-theory. For a proof and a general
discussion see [6, 7, 11, 12]. Physically this means that
the gravitational field of the horizon resides in a topolog-
ical phase. The overall symplectic structure splits as
ωtotal = ωbulk + ωhorizon (11)
and field components from bulk and horizon are coupled
properly together by the IH boundary condition which in
terms of Ashtekar-Barbero variables reads as
F i(Ai) +
pi(1− γ2)
aH
Σi = 0, (12)
where aH denotes the classical horizon area and γ is the
Immirzi parameter. F i is the curvature 2-form of the
Ashtekar-Barbero connection Ai being pulled back to S2
and Σi denotes the solder 2-form of the bulk theory and
the internal index i ∈ {1, 2, 3} indicates that the respec-
tive object is colored with an element of su(2) in the
defining representation.
In the following we will use that in LQG one regularizes
the Poisson algebra of the Ashtekar-Barbero connection
and the densitized triad. To this aim, one smears the con-
nection along a path yielding a holonomy and the densi-
tized triad along a surface yielding the flux, respectively.
The resulting smeared algebra is the so-called holonomy-
flux algebra [29]. If one embeds a surface of spherical
topology such as the one of a classical isolated horizon
∆ into a surrounding spacelike 3-space, then it will be
pierced by paths γ (supporting the bulk holonomies) at
the points P = {p1, ..., pN}. One interprets this set as a
3
distribution of sources on S2, each labeled with a repre-
sentation {ρp}N1 of su(2) and Σi is then
Σi = 16pi`2pγ
∑
p∈P
J iρpδ
2(x, xp). (13)
Substituting this into (12) leads to
F i +
4pi
k
∑
p∈P
J iρpδ
2(x, xp) = 0 (14)
and the action for the horizon theory using (7) is thus
Shorizon = eq.(7) +
∫
R
dt Tr
(∑
p∈P
J iρpA0i(xp)
)
, (15)
where the level of the CS-theory is now given by k =
aH/(4piγ(1 − γ2)`2p) and `p is the Planck length. The
Euler-Lagrange equations lead to the (induced) con-
straint
Gi ≡ F i + 4pi
k
∑
p∈P
J iρpδ
2(x, xp) = 0, (16)
delineating that the curvature of the connection on
the surface is concentrated at the points of the punc-
tures/defects. This first class constraint generates
(small) gauge transformations and (small) diffeomor-
phisms. More precisely, the horizon part of the smeared
Gauss constraint is
G[ζ,A] =
∫
S2
ζiG
i ≈ 0, (17)
for all ζ : ∆ → su(2), whereas the diffeomorphism con-
straint is
V [ξ, A] =
∫
S2
ξµAµiG
i ≈ 0, (18)
for all vectors ξ (µ = θ, φ) which are tangent to the hori-
zon. The form of (17,18) implies the on-shell equivalence
of small diffeomorphisms and small gauge transforma-
tions as in (4,6). In addition, for the sources at the points
{xp}N1 one has conjugations
J iρp → J igρp = g−1J iρpg ∈ Cgp (19)
and the gauge invariance of F i implies Cp = Cgp [26, 27].
The physical phase space of this system is then given as
Γ = {{A|F = 0}×C1×. . .×CN}/{gauge transformations}
(20)
as in [26, 27].
The form of the overall symplectic structure (11) moti-
vates us to quantize the bulk and horizon d.o.f. sepa-
rately. The quantum geometry of the bulk is given by
a spin network, whose graph impinges on the horizon
surface yielding the punctures. Hence, for the quantum
geometry of the horizon we use the quantum version of
(16)
(
Fˆ i +
4pi
k
∑
p∈P
δ2(x, xp)Jˆ
i
ρp
)
ψhorizon = 0, (21)
which selects elements of the physical Hilbert space of the
horizon theory. Notice that at each puncture p the an-
gular momentum algebra [Jˆ iρp , Jˆ
j
ρp ] = 
ij
k Jˆ
k
ρp holds. The
quantum version of (12)(
I⊗ F̂ i + pi(1− γ
2)
aH
Σ̂i ⊗ I
)
ψtotal = 0, (22)
with ψtotal = ψbulk ⊗ ψhorizon couples bulk and horizon
quantum d.o.f. properly back together.1 The physical
Hilbert space is then given by
Hphys =
(⊕
P
HPbulk ⊗HPhorizon
)
/Gtotal, (23)
where HPbulk denotes the bulk space of states. One
denotes by Gtotal = Gbulk n Ghorizon internal SU(2)-
transformations, diffeomorphisms which preserve the sur-
face and eventually motions, generated by the Hamilto-
nian constraint H [6, 7]. Since the IH framework stip-
ulates that the lapse is restricted to vanish on the hori-
zon, the scalar constraint H is only imposed in the bulk.
In fact, the horizon states satisfying the boundary con-
dition (21) are automatically gauge and diffeomorphism
invariant since these invariances on the horizon are im-
plemented by the same operators (17,18) as (21). After
imposition of the respective constraints one has
Hphys =
⊕
N
⊕
(j)N1
H(j)N1bulk,phys ⊗ Invk(⊗pjp), (24)
where Invk(⊗pjp) is the CS-Hilbert space on the punc-
tured sphere with jp ≤ k/2 and H(j)
N
1
bulk,phys denotes the
physical Hilbert space of the bulk for a corresponding
puncture configuration [12, 30].
In order to analyze the thermodynamical properties of
the horizon one computes the total number of (micro-)
states available to it given by
W ({P}) =
∑
P
dim(Invk(⊗pjp), (25)
where we constrain ourselves only to those horizon states
which are compatible with aH and jp ≤ k/2. In the fol-
lowing let nj denote the occupation number of a certain
puncture type that is labeled by an irreducible repre-
sentation ρj of su(2). Then (25) can be rewritten for a
1In fact, only the exponentiated version of F̂ i is well-defined [6] but
the subsequent discussion will not be altered by this.
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quantum configuration {nj} as
W ({nj}) = N !∏
j nj !
2
k + 2
k/2∑
l=0
sin2
(
(2l + 1)pi
k + 2
)∏
j
d
nj
j (l),
(26)
wherein
dj(l) ≡
[
sin( (2j+1)(2l+1)pik+2 )
sin( (2l+1)pik+2 )
]
(27)
as in [7, 8, 15]. The total number of punctures is de-
noted by N =
∑k/2
j nj and the combinatorial pre-factor
indicates that in the purely gravitational case the punc-
tures are considered as distinguishable [6, 31–33]. Since
the level of k the theory is proportional to aH/`
2
p it is
convenient to assume the limit k →∞ of (26) giving
W ({nj}) = N !
∏
j
(2j + 1)nj
nj !
, (28)
where we neglected the next-to-leading order term in k
which would give rise to the notorious logarithmic cor-
rection of the entropy [7, 8, 34, 35]. It counts the number
of distinct microstates belonging to the distribution set
{nj} and is that of a typical Maxwell-Boltzmann statis-
tics for distinguishable entities [36].
The introduction of proper notions of a quasi-local energy
and a local temperature
E =
A
8pi`
, T =
`2p
2pi`
(29)
of the isolated horizon associated with a stationary ob-
server at distance ` from the horizon facilitates its statis-
tical mechanical analysis [16–18]. With the horizon area
spectrum
Â|{nj}〉 = 8pi`2pγ
∑
j
nj
√
j(j + 1)|{nj}〉 (30)
the canonical partition function reads
Z(T,N) =
−∑
{nj}
W ({nj})e−βE , (31)
where the primed summation goes over all distribution
sets that conform to the restrictive condition N =
∑
j nj .
With this the expression for the entropy is obtained as
S = −β2∂β(logZ/β) = A/(4`2p) + σ(γ)N, (32)
where σ(γ) = log[
∑
j(2j + 1)e
−2piγ
√
j(j+1)]. This result
is in agreement with the corresponding results using the
microcanonical and grandcanonical ensemble. Further-
more, the entropy function is both extensive in A and
N as it should in order to agree with the laws of (phe-
nomenological) thermodynamics and black hole mechan-
ics. Remarkably, it is compatible with the semiclassical
Bekenstein-Hawking area law [19, 20], since the second
summand only expresses the quantum hair correction due
to the quantum geometry of the isolated horizon.
C. Distinguishability of horizon states
We have tacitly used until here that the horizon states
are distinguishable in the purely gravitational case. This
choice drastically influences the quantum statistics of the
model and is well motivated in the LQG literature [6, 30–
33]. We want to revise the supporting arguments here.
Firstly, as far as naive state counting is concerned, only
under the assumption of distinguishable states does one
obtain a linear entropy/area-relation [32] and an exten-
sive entropy function [33].
Secondly, the distinguishability of the horizon states fol-
lows from a purely algebraic point of view through the
boundary condition [30, 31]. To see this, take (23) and
think of A as HPbulk, B as HPhorizon, × as ⊗ and G asGtotal, whose action we assume not to be free at first.
Then we have the following isomorphism
(A×B)/G ∼= (A/G)×
( ⋃
[a]∈A/G
B/Ga
)
, (33)
where Ga is the stabilizer of a ∈ A. If the action of G is
free, all stabilizers are trivial and (33) simplifies to
(A×B)/G ∼= (A/G)×B. (34)
Applying this now to the underlying algebraic structure
of the isolated horizon state space, we start with (33) and
think of the elements in A,B again as states. Then (a, b)
and (a′, b′) are only in the same G-orbit, if one requires
that the surface state b′ ∈ HPhorizon/Ga. Any (a′′, b′′) with
b′′ /∈ HPhorizon/Ga does not lie in the same G-orbit as (a, b)
and is distinct from the latter. Consequently, physically
equivalent states, i.e. states in the same G-orbit, can
be formally discriminated from states in different orbits.
Going back to our case, one has
(HPbulk ⊗HPhorizon)/Gtotal ∼= (HPbulk/Gbulk)⊗ Invk(⊗pjp),
(35)
where Invk(⊗pjp) ∼= HPhorizon/Ghorizon is just the CS-
Hilbert space. Gauge and (spatial) diffeomorphism con-
straints in LQG generate transformations, which are con-
nected to the identity. Therefore Gtotal’s action is free and
only trivial stabilizers acting on the horizon states leave
the bulk invariant.
As a consequence, a specific transformation can trans-
form a state b of the horizon Hilbert space in one orbit
into a different one in another orbit. Such a transfor-
mation could be a permutation of the puncture labels
which generally does not leave the states invariant. The
observable F̂ i acting on them does not commute with
a permutation unless two equivalent puncture labels are
interchanged or the permutation is trivial. This is due to
the fact, that in the specific case of the horizon punctures
one deals with identical but nonetheless distinguishable
entities [6, 31–33]. This means that they do not obey
the indistinguishability postulate for identical quantum
objects [36, 37]. Identical quantum objects satisfy the
former postulate, if all observables O commute with all
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permutations P of the considered entities, i.e. [O, P ] = 0.
Then observables are just symmetric Hermitian opera-
tors. In our model the relevant observables of the horizon
model for the discussion of its statistics are the operators
for the area Â and the field strength F̂ i, respectively. It
is clear that [Â, P ] = 0 holds but for F̂ i this would be
false in general, hence distinguishability despite identi-
cality.
To see this, assume we knew the wave functional ψ0 de-
scribing the case without sources associated to the state
|0〉. Then eq. (16) implies F̂ iψ0 = 0. However, in the
presence of point-like sources at {xp}N1 , Ĝi acts on the
horizon wave functional ψhorizon as
Ĝiψhorizon = (36)(
F̂ i +
4pi
k
(δ2(x, x1)Jˆ
i
ρ1 ⊗ I2 ⊗ ...⊗ IN + ...)
)
ψhorizon = 0.
Consider now the Wilson line operator hγp(Aρp) =
Pe
i
∫
γp
Aρp , where Aρp = AiĴ
i
ρp , γp is a non-intersecting
path on the punctured S2 and its end point marks the
position of the pth source. P denotes the path-ordered
product. Applying the gauge transformation prescription
[Ĝi, hγp(Aρp)] = hγp(Aρp)Jˆ
i
ρpδ
2(x, xp) (37)
to it, one constructs the following product wave func-
tional
ψhorizon = ψ1(Aρ1)⊗ ...⊗ ψN (AρN ) ψ0, (38)
wherein
ψp(Aρp) = 〈Aρp |ψp〉 ≡ hγp(Aρp) (39)
holds. Hence, it corresponds to the N -puncture state
|{p, ρp}p=1...N 〉. Equipped with this and when ignoring
the pre-factor, Fˆ i acts on ψhorizon as
Fˆ iψhorizon = (δ
2(x, x1)Jˆ
i
ρ1 ⊗ I2 ⊗ . . .⊗ IN + . . .)ψhorizon.
(40)
To show that the punctures are actually distinguishable,
consider for simplicity the case N = 2 and further let
P12 swap the arguments of the first and second puncture.
This yields
P12Fˆ
iψhorizon = (41)
(δ2(x, x1)Jˆ
i
ρ1 ⊗ I2 + I1 ⊗ Jˆ iρ2δ2(x, x2))ψ1(Aρ2)⊗ ψ2(Aρ1),
whereas
Fˆ iP12ψhorizon = (42)
(δ2(x, x1)Jˆ
i
ρ2 ⊗ I2 + I1 ⊗ Jˆ iρ1δ2(x, x2))ψ1(Aρ2)⊗ ψ2(Aρ1).
Consequently, for generic permutations and horizon wave
functions we have the simple yet important result
[F̂ i, Ppp′ ]ψhorizon 6= 0, (43)
unless Jˆ iρp = Jˆ
i
ρp′ . Hence, ψhorizon and F̂
i are non-
symmetric with respect to distinct representations.2
When keeping the representations attached to the inci-
dent bulk links (supporting Σ̂i) locked, but arbitrarily
permuting horizon puncture labels, the boundary con-
dition (22) would in some cases get violated. In other
words, bulk and surface d.o.f. cannot get arbitrarily cou-
pled [6, 7, 30]. This imposes an ordering relation onto
the set of punctures which we denote here by N̂ . Small
diffeomorphisms are elements of Diff0(S
2
N̂
) and cannot
change the order of the puncture set but a non-trivial
permutation can do this. It follows, that a microstate
(which is a representative in one G-orbit) is changed by
such a puncture permutation into a physically distinct
(non-diffeomorphic) one lying in a different orbit. From
the statistical point of view one actually has to count such
different equivalence classes which correspond to differ-
ent microstates and that are accessible to the system in
the macrostate (E,N). This is reflected by the statistical
distributions (26) and (28), respectively.
Notice however, that only in d ≥ 3 spatial dimensions
particle exchange is mediated by an element P of the
permutation group SN . In the next section we account
for the fact, that in d = 2 such an exchange is mediated
by (the generalization of SN to) the braid group. Mo-
tivated by the previous discussion, we will still assume
that differently labeled punctures are distinguishable.
III. ANYONIC STATISTICS AND LQG BLACK
HOLES
A. Appearance of anyonic statistics
The dimensionality of the problem and the observa-
tion that the (topological) source term in (15) carries ~
explicitly in it, steer us into a closer investigation of the
features associated with the topology of the phase space
because it reveals the inherent possibility of having any-
onic statistics for the horizon d.o.f..
We will adopt the stance that quantum statistics refers
to the phase, which arises when two particles of a multi-
particle quantum system are exchanged with each other.
Hence, this section will be concerned with explaining how
this phase arises in our system and how it can be com-
puted through the Knizhnik-Zamolodchikov connection,
which leads to a notion of parallel transport and thus
puncture exchange. The key idea is that due to the topo-
logical defects/punctures, connections become elements
of the non-trivial first de Rham cohomology group on the
phase space (20). Then we connect the former group to
2For indistinguishable punctures, the boundary condition and states
would have to get totally (anti-)symmetrized. Considering just
gravitational d.o.f. the state counting then leads to a non-linear
entropy/area-relation [32].
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the fundamental group of the configuration space whose
representations label in the quantum theory inequivalent
quantizations. We give a prescription to compute these
representations and link them to anyonic statistics. To
see this clearly, we have to analyze at first features of
phase spaces with topological defects like (20) and there-
fore we import tools from symplectic geometry [38] now.
To this aim, consider a generic symplectic manifold
(Γ, ω). One calls a vector field η on Γ that preserves ω,
i.e. Lηω = 0, a symplectic vector field. Using Cartan’s
magic formula and the closedness of ω one has
Lηω = d(iηω) = 0. (44)
η is only symplectic if iηω is closed, whereas it is a Hamil-
tonian vector field, if additionally iηω is exact. It is a fact,
that locally on every contractible (i.e. simply connected)
open set, symplectic vector fields are Hamiltonian. Ad-
ditionally, if one has trivial first de Rham cohomology
group, i.e H1(Γ;R) = 0, then globally every symplectic
vector field is Hamiltonian and we can write iηω = −df ,
for some function f ∈ C∞(Γ,R). The diffeomorphisms
of Γ, which are generated by Hamiltonian vector fields
are known as canonical transformations. However, in the
case that H1(Γ;R) 6= 0, for some transformations η the
corresponding iηω is a non-trivial element of H
1(Γ;R)
and therefore there is no globally defined function f on Γ
for this transformation. Equivalently, there can be sev-
eral choices for the canonical 1-form θ differing by ele-
ments of H1(Γ;R), but giving rise to the same symplec-
tic 2-form ω. The ambiguity in θ has no effect on the
classical equations of motions but nevertheless H1(Γ;R)
’measures’ the obstruction for symplectic vector fields to
be Hamiltonian.
Let us apply this to the one-form (8) on the phase space
without defects (10). If θ˜ is closed, then θ and θ + θ˜
will lead to the same ω. If θ˜ was closed and exact, we
could figure θ˜ as θ˜ = δρ[A], where ρ[A] is some globally
defined function(al) on (10) and the connection A lives
on M ∼= R × Σ. The function ρ[A] is a canonical trans-
formation and one can transform δρ[A] to 0, as implied
by Poincare´’s lemma. On the contrary, in the case of
the isolated horizon we have ∆ ∼= R×S2 with punctures
(i.e. topological defects) on it, so we have to consider
(20). There θ˜ is closed but due to the defects not ex-
act. Therefore, θ˜ is a non-trivial element of the de Rham
cohomology H1(Γ;R) and it cannot be transformed to
θ˜ = 0 upon canonical transformation. One can only lo-
cally write θ˜ = δρ[A], since ρ[A] is not globally definable.
This is of relevance for the quantum theory of generic
anyonic systems [28] and also for our problem, as we see
below, because the defects lead to non-trivial H1(Γ;R)
and thus non-contractible loops on Γ.
To see this, the phase space (20) is reparametrized by
holonomies [26, 27] which yields
Γ = (45)
{ρ ∈ Hom(pi1(FN (S2)), SU(2))|ρ(cp) ∈ CGp }/SU(2).
The {cp} stand for the generators of
Hom(pi1(FN (S2)), SU(2)) which concur with such
non-contractible oriented loops around the punctures
{pi}N1 . FN (S2) denotes the configuration space (cf.
Appendix (C)). For the specific case of distinguishable
puncture species {nj}k/21/2 distributed on S2 it reads as
FN (S2) = {(x1, ..., xN ) ∈ (S2)N |xp 6= xp′ for p 6= p′}.
(46)
The fundamental group pi1 of this space is the spherical
braid group
Bn1/2,...,nk/2(S
2) (47)
on N strands (cf. Appendixes (B,D)).
If we invoke the perspective of topology [39–41] for
the quantization of our problem as reviewed in (II B),
a kinematical ambiguity in the quantization of the
classical system on the configuration space FN (S2)
arises and has to be classified by the set of all irre-
ducible unitary representations of the fundamental group
pi1(FN (S2)). According to this, the respective quan-
tum theory deals with multi-component state vectors
lying in SU(2) and these are labeled by a non-abelian
phase ρ ∈ Hom(pi1(FN (S2)), SU(2)), with pi1(FN (S2)) ∼=
Bn1/2,...,nk/2(S
2). It is this phase which accounts for the
non-abelian anyonic statistics of the horizon puncture
system [40–43].3 We want to emphasize, that for this
classification no knowledge of the dynamics of the sys-
tem is needed. If the black hole was still modeled by
a topological 2-sphere with punctures but different con-
straints, such phases would still show up. The account of
Γ’s topological intricacies thus solely unveils the anyonic
nature of the LQG horizon degrees of freedom.
In the following, we will discuss how to compute such
non-abelian phases, which actually correspond to the
parallel transport of punctures along and around each
other. To illustrate this, consider the winding of one
puncture along a loop C completely around a second one
as in Fig. (1), where other punctures are suppressed. On
•
//
MM
VV 

•>
>
γ1
γ2
x1
x2
C
Figure 1: Parallel transport of the first puncture around the
second one.
3If A was a U(1)-connection, the phase would be abelian and it is
well established that such a phase is needed to describe particles of
abelian anyonic statistics in 2d [40].
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the quantum level this transformation is translated as
hC◦γ1(Aρ1)hγ2(Aρ2)
∏
p>2
hγp(Aρp) ψ0. (48)
Commuting hC(Aρ1) with hγ2(Aρ2) would lead to a non-
abelian phase [25, 43, 44]. Equivalently, we can consider
the configuration space (46) and rewrite it by means of
S2 ∼= C ∪ {∞} as
FN (S2) ∼= {(z1, ..., zN ) ∈ (S2)N |zp 6= zp′ for p 6= p′}.
(49)
This is equivalent to
{(S2)N −
⋃
1≤p<p′≤N
Kpp′}, (50)
where Kpp′ = {(z1, ..., zN ) ∈ (S2)N |zp = zp′}. The form
of the phase space (45), allows us to trade H1(Γ,R) for
H1(FN (S2),R). The closed holomorphic 1-form
ωpp′ =
1
2pii
d log(zp − zp′) (51)
on FN (S2) represents the de Rham cohomology class of
generators ωpp′ ∈ H1(FN (S2);Z) with 1 ≤ p < p′ ≤ N
[45]. We thus introduce the Knizhnik-Zamolodchikov or
Kohno connection to the context of LQG black holes as
ÂK =
4pi
k + 2
∑
1≤p<p′≤N
Jˆ iρp ⊗ Jˆ iρp′ ωpp′ , (52)
wherein ⊗ denotes the Kronecker product [25, 46].
Using this, a simultaneous puncture rearrangement can
be given using the holonomy operator of (52)
ρˆ(AK , γ) = P e
i
∮
γ
AK , (53)
where the loop γ is taken from the homotopy class
[γ] ∈ Bn1/2,...,nk/2(S2).4 Hence, by exchanging/moving
the horizon d.o.f. on the punctured 2-sphere, the wave
function picks up a non-abelian phase, namely
ψhorizon → ρˆ[γ](AK)ψhorizon, (54)
which specifies the statement made above that inequiv-
alent quantizations on the multiply connected config-
uration space FN (S2) are marked by representations
{ρ : Bn1,...,nk/2(S2) → SU(2)}. We have thus clari-
fied, how (non-abelian) anyonic statistics is encoded in
the description of the LQG black hole model based on a
puncture system representing the quantum d.o.f. of the
horizon. We want to further investigate this exchange
behavior now by relating it to the large diffeomorphisms
of the punctured horizon.
4Notice however, that the contour integral of a meromorphic 1-from
such as ωpp′ on a compact surface S
2 along a loop γ that encircles
all poles vanishes. The sum over all residues yields 0 because such
a loop can always be shrunk to a point on the back of the sphere
(cf. Appendix (D)).
B. Large diffeomorphisms and the braid group
Motivated by our preliminary discussion of the sym-
metries of CS-theory and the fact that the horizon punc-
ture system is invariant with respect to small diffeomor-
phisms, we want to take a closer look onto the action of
the large diffeomorphisms on our system. These sorts of
diffeomorphisms of the punctured 2-sphere fall into the
mapping class group Mn1/2,...,nk/2(S
2), which we discuss
in Appendix (E). A priori, horizon states could either be
invariant under it or transform by a unitary representa-
tion of it [47]. In the former case, large diffeomorphisms
would be considered as gauge, whereas in the latter they
would be regarded as a symmetry of the theory for which
we will argue below.
The action principle does not dictate the transformation
properties of the physical states under the diffeomor-
phisms which are not in the identity component. This is
because no constraints are associated to them. Small dif-
feomorphisms are generated by the constraints encoded
in the action (18), so only they should a priori be fac-
tored out. To demand the invariance under large dif-
feomorphism transformations would amount to an extra
assumption [4]. On the classical level a diffeomorphism
of the punctured S2 induces a linear transformation on
H1(FN (S2),R), which in turn is the reason why the lat-
ter gives rise to a representation of the mapping class
group [22].
Interestingly, the discussion of these specific diffeomor-
phisms can be easily connected to the previous discus-
sion of the statistical symmetry of the puncture system,
which is given by its braid group. In the Appendix we
discuss and explicitly recover in (E10) that these groups
are related as
Mn1/2,...,nk/2(S
2) ∼= Bn1/2,...,nk/2(S2)/Z2. (55)
Let us exemplify this point by considering N punctures
on one hemisphere of S2. This would be homeomor-
phic to a N -punctured disc. From algebraic topology one
knows, that the mapping class group of the N -punctured
disc MN (D
2) is isomorphic to the braid group of the
disc BN (D
2) on N strands which in turn is equivalent to
BN (R2). Hence, for this topology the statistical symme-
try of the puncture system is given by the large diffeo-
morphisms. Using the tools given in the last subsection,
we are able to calculate unitary representations of braid-
ing generators e.g. for the setting of 2 colored punctures.
By executing the contour integral in (53) in the case of
two punctures, one yields the monodromy operator
M̂(1,2)ψ ≡ ρˆ(AK , σ21)ψ = q2 Jˆ
i
ρ1
⊗Jˆiρ2ψ, (56)
where σ1 is a generator of the braid group (cf. Appendix
(B)), q = ei
2pi
k+2 is the so-called deformation parameter
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and we dropped the subscript of the wave function.5,6
Since M̂ represents the case of two consecutive exchanges
of puncture 1 with 2, the braiding matrix is
B̂ ≡ ρˆ(AK , σ1) = qJˆ
i
ρ1
⊗Jˆiρ2 P12, (58)
where P12 is the permutation operator. We depict the
effect of M̂ and B̂ as in Fig. (2). In the limit of large
Figure 2: Two horizon punctures: unbraided vs. upon the
application of M̂ and B̂, respectively.
black holes, i.e. k →∞, the operator M̂ is just the iden-
tity. Since B̂ is also affected in this limit, a puncture
exchange will be solely mediated by a non-abelian rep-
resentation of the permutation operator P12. Pictorially,
in the case of large black holes the topological informa-
tion about what happened along the braid is forgotten.
Braids with the same initial and final configurations but
different windings are identified and the same applies to
the corresponding mapping classes, too. Hence, we infer
that the braiding is a quantum effect becoming relevant
for small (and smaller becoming) black holes and that
the information about their state is thus not solely of
combinatorial nature.
Assume an appropriately defined (physical) inner prod-
uct as in [26, 48] such that
〈ψ1|ψ2〉 =
N∏
p=1
∫
SU(2)
dµ(hγp)D
j′p
m′n′(hγp(A))D
jp
mn(hγp(A)),
(59)
where the Wigner matrices D
jp
mn(hγi(A)) give the spin-
jp irreducible matrix representation of the SU(2) group
element hγp(A). Due to Schur’s orthogonality relation
5If we consider e.g. the case where both punctures are colored with
the fundamental representation of su(2), we obtain for the mon-
odromy with (52,53)
M̂ =

q1/2 0 0 0
0 1
2
(q1/2 + q3/2) 1
2
(q1/2 − q−3/2) 0
0 1
2
(q1/2 − q−3/2) 1
2
(q1/2 + q3/2) 0
0 0 0 q1/2
 (57)
with eigenvalues q1/2 (triplet) and q−3/2 (singlet).
6Higher powers of M̂ correspond to different winding numbers and
encirclement of several punctures corresponds to the ordered prod-
uct of monodromy operators. That these representations can gener-
ically be well-defined is guaranteed by (A3).
this expression vanishes if the respective operators hγp in
ψ1 and ψ2 do not carry the same representation. Hence,
the mapping class group separates the relevant Hilbert
space into orthogonal subspaces via B̂-type operators as
〈ψ|B̂ψ〉 = 0 if Jˆρp 6= Jˆρp′ . (60)
Since the action of large diffeos on punctures will also
drag the incident bulk edges along, this will cause a knot-
ting of the spin network at least in the vicinity of the hori-
zon as in Fig. (3), which cannot be unraveled through
a (small) bulk diffeomorphism. In the following we want
 
j 
j2 j1 
  
Figure 3: Two incident bulk edges piercing the horizon: un-
braided vs. upon the application of M̂ and B̂, respectively.
to investigate whether such a different knotting of the
spin network in the neighborhood of the horizon has any
observable consequences. The area operator would not
be of great help here, since Â is a function of the su(2)-
Casimir operator and thus commutes with all the gen-
erators of this Lie algebra. For a representation ρˆ of a
generic element of the braid group one has
〈ρˆψ|Â|ρˆψ〉 = 〈ψ|ρˆ−1Âρˆ|ψ〉 = 〈ψ|Â|ψ〉. (61)
The area operator Â is thus also invariant under large
diffeomorphisms. In contrast to this, we will see that the
field strength F̂ i is an observable which could in prin-
ciple be used to distinguish between different knottings
since it transforms under the action of large diffeomor-
phisms/braid group of the punctured surface as
F̂ i → F̂ ′i = ρˆ−1F̂ iρˆ. (62)
To this aim, we take the difference of the expectation
values
〈ρˆnψ|F̂ i|ρˆnψ〉 − 〈ψ|F̂ i|ψ〉, (63)
where ρˆn =
(
qĴ
j
ρ1
⊗Ĵjρ2Ppp′
)n
with n = 1, 2. Without loss
of generality we set N = 2 and when using the Baker-
Campbell-Hausdorff formula and its Hadamard lemma
one yields
〈ψ|
∞∑
m=0
(ni
2pi
k+2 )
m
m!
[Ĵjρ1 ⊗ Ĵjρ2 , (P−112 )nF̂ i(P12)n]m − F̂ i|ψ〉
(64)
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where [Ĵjρ1 ⊗ Ĵjρ2 , (P−112 )nF̂ i(P12)n]0 ≡ (P−112 )nF̂ i(P12)n
and [Ĵjρ1 ⊗ Ĵjρ2 , (P−112 )nF̂ i(P12)n]m ≡ [Ĵjρ1 ⊗ Ĵjρ2 , [Ĵjρ1 ⊗
Ĵjρ2 , (P
−1
12 )
nF̂ i(P12)
n]m−1]. Multiplying from the left
with ρˆn gives
[F̂ i, ρˆn] 6= 0, (65)
unless n = 2 and k → ∞. For n = 1 and k → ∞ (65)
reduces to expression (43). For example, when n = 2 the
commutator yields
[F̂ i, M̂ ] = i
4pi
k + 2
4pi
k
× (66)
× iijk(δ2(x, x1)Ĵkρ1 ⊗ Ĵjρ2 + Ĵjρ1 ⊗ Ĵkρ2δ2(x, x2)) +O(k−3).
A local stationary observer who resides on the node in
Fig.(3) at proper distance ` to the horizon will be able to
discern braided from unbraided states e.g. by measuring
differences in the expectation values of the field strength
operator. When considering large black holes the effect
of the braiding onto the field strength would be negligi-
ble but it would become relevant for smaller (and smaller
becoming) black holes.
The physical picture behind the statistical phase is very
similar to what happens in electromagnetism when deal-
ing with the Aharonov-Bohm effect. To see this we use
the ideas presented in [49] and consider a locally flat con-
nection on S2 − {p}
Aia(x) =
φi
2pi
αa(x) (67)
with αa(x) ∈ H1(Γ;Z) given by
αa(x) = ab
xb − xbp
||(~x− ~xp)2|| (68)
Ignoring the back of the sphere, its holonomy along a
loop γ is just given by
hγ(A) = Pe
i
∮
γ
αadx
a φi
2pi Jˆ
i
= einγφiJˆ
i
(69)
providing a homomorphism from pi1(S
2−{p}) to SU(2).
For the physical interpretation of the parameters φi one
introduces the (pseudo-scalar) non-abelian magnetic field
Bi =
1
2
abF iab = δ
2(x, xp)φ
i (70)
and φi is just 4pik Jˆ
i
ρp up to a sign when using (16). The
flux of this gravitomagnetic field through the patch S of
the surface of the sphere is given by
Φi[B,S] =
∫
S
Biabdx
adxb = φi. (71)
Hence, the parameters φi describe the flux of the gravit-
omagnetic field through the puncture p. Though it van-
ishes outside of p, one has non-local observable effects
on S2 − {p} which are captured by (69). If we figure the
boundary of the patch as ∂S = γ then it follows by virtue
of the non-abelian Stokes theorem
h∂S = Pe
iΦi[B,S]J
i
= Pei
∮
γ
A (72)
that the exponential of the flux is just equivalent to (69).
To clarify the connection to the Aharonov-Bohm effect
consider the superposition
ψ˜ = ψ1 +ψ2 =
1√
2
(B̂ψ+ B̂−1ψ) =
B̂−1√
2
(M̂ψ+ψ) (73)
where ψ denotes the unbraided state with ||ψ||2=1, B̂
acts on the punctures p and p′ and M̂ = B̂2. Then
||ψ˜||2 = 1 + <(〈ψ|M̂ |ψ〉) (74)
depends explicitly on the non-abelian phase, the in-
terference term is proportional to cos(2pi/(2 + k)) and
approaches 1 in the large black hole limit. In con-
trast to the well-known situation in electromagnetism,
the non-abelian phase arises here due to the Aharonov-
Bohm interaction between flux-charge composites, i.e.
through the coupling of the ’non-abelian charge’ Ĵ i of
puncture/anyon p and the non-abelian flux φi of punc-
ture/anyon p′ under a complete adiabatic transport of
the former around the latter. We can therefore reinter-
pret M̂ as
M̂ = q
2 Jˆiρp⊗Jˆiρp′ = eiJˆ
i
ρp
⊗φˆi
p′ . (75)
Hence, the phase relation between ψ1 and ψ2 changes
under a variation of the enclosed gravitomagnetic flux
φˆip′ and thus the interference pattern of (74) is also
shifted. Since in electromagnetism the Aharonov-Bohm
effect gives rise to the interpretation that the gauge po-
tential is the true fundamental object, the measurement
of the interference term by means of a local stationary
observer could in principle lead to the same conclusion
in the case of gravity.
Before we step into the last subsection, we want to com-
ment on the bearing of the previous discussion onto
the understanding of diffeomorphism invariant states in
LQG. The states of the overall quantum geometry are
there given by spin networks which acquire topological
degrees of freedom, i.e. knotting, through their embed-
ding into the background manifold. Hence, the diffeo-
morphism invariant states fall into different knot classes
whose physical relevance is usually not very well under-
stood, despite [50]. The above discussion suggests, how-
ever, that - as far as the spin network close to the horizon
is concerned - the physical relevance of the knotting lies in
giving rise to the anyonic statistics of the horizon degrees
of freedom. Furthermore, the diffeomorphism-invariant
Hilbert spaceHDiff is not invariant under large diffeomor-
phisms, which form the mapping class group. We have
seen in our specific case that the large diffeomorphisms
do not act trivially and we can define unitary projective
representations of Mn1/2,...,nk/2(S
2) on the space of diff-
invariant horizon states, corresponding to the statistical
phases.
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C. Aspects of the algebraic theory of su(2)k-anyons
It is known from solid state physics that quantum sys-
tems in 2d exhibit anyonic statistics [40–42]. The ques-
tion arises about how the anyonic nature of the punc-
ture system, captured by (56,58), affects its statistics
and consequently the form of its entropy. This subsec-
tion illustrates, that the Hilbert space and consequently
the entropy of the IH quantum system are completely
analogous to the results for a corresponding system of
non-abelian anyons in condensed matter physics. We il-
lustrate this by going through the abstract definition of
a model of su(2)k-anyons.
The mathematical formulation of a model of non-abelian
anyons in solid state physics is involved and demands
more than the braid group description given above. One
actually needs representations of the braid group which
are compatible with the notion of fusion. The mathe-
matical structure which consistently captures these fea-
tures is a modular tensor category, specifically a uni-
tary braided fusion category [43]. Without going into
the mathematical intricacies, we will consider a partic-
ular set of classes of non-abelian anyons. These are the
su(2)k-anyons, which arise in non-abelian Chern-Simons
theory with G = SU(2) and level k ≥ 2.
A particular class of non-abelian anyons is therein defined
by each value of the level k. For the full specification of
the braiding statistics of a system of such anyons one has
to give the following data:
(1.) Anyon species/superselection sectors forming a fi-
nite set M : The different anyons are labeled by
anyonic charges j ∈ {0, 1/2, 1, ..., k/2}.
Comment: The constituents of the quantum isolated
horizon form such a finite set M , each puncture is col-
ored with a spin j ∈ {0, 1/2, 1, ..., k/2} and gives rise to
a quantum of area aj = 8piγ`
2
p
√
j(j + 1).
(2.) Fusion rules: Similar to ordinary spin systems, the
anyon labels are combined by certain fusion rules,
determining their collective behavior. For any com-
bination of anyons j1, j2, j ∈ M there is a fixed
finite dimensional Hilbert space V j1j2j called split-
ting space, whereas we call V jj1j2 the fusion space.
The non-negative integers N jj1j2 = dimV
j1j2
j =
dimV jj1j2 are called fusion multiplicities. 0 ∈ M
denotes the vacuum sector. In terms of the fusion
matrices Nj the composition rule reads
(j1)⊗ (j2) =
min(j1+j2,k−j1−j2)⊕
j=|j1−j2|
(Nj1)
j
j2
(j). (76)
The quantum dimension dj of an anyon with charge
j and the fusion matrices are related by Njd = djd.
The components of the vector d are the quantum
dimensions of all anyon species occurring in the
model. The total quantum dimension is defined
as D ≡
√∑
j d
2
j . For su(2)k-anyons the quantum
dimensions are computed iteratively by d0 = 1,
d1/2 = 2 cos(pi/(k+ 2)) and dj = d1/2dj−1/2− dj−1
with j ≥ 1. The Hilbert space of the N -punctured
sphere with charges/anyons at each puncture is
constructed by sewing together a chain of (N − 2)
3-punctured spheres, called pants decomposition.
Non-abelian anyons have dj > 1, which is gener-
ally not an integer. This is characteristic of the
non-locality of the Hilbert space which is not sim-
ply the tensor product of dj-dimensional Hilbert
spaces locally associated to each anyon.
Commment: The constituents of the quantum isolated
horizon are known to obey precisely the same fusion
rules. By summing over all possible puncture configu-
rations and equipped with an appropriate combinatorial
pre-factor, these rules were used in [7, 8, 15] to obtain for
the total number of microstates the expression (26).
(3.) The R-matrix: This object is used to describe an
exchange of two anyons j1, j2 through braiding after
the splitting of anyon j. The description of braiding
in terms of basic data is specified by the unitary
action of R on splitting spaces as Rj1j2j : V
j1j2
j →
V j2j1j . Unitarity implies N
j
j1j2
= N jj2j1 and R’s
action is diagrammatically represented as in Fig.
(4).
Rj1j2j
j
j1 j2
=
j2 j1
j
Figure 4: R-matrix
Comment: In the context of quantum isolated horizons
the R-matrix showed up in the discussion of the repre-
sentation theory of the quantum group Uq(su(2)) in [15].
The following point will also deal with its relation to the
braiding matrix (58) and thus the statistics which we
have extensively discussed in the previous subsections.
(4.) The F -matrix: The fusion of three anyons is asso-
ciative and therefore one has two ways to fuse three
anyons to a fourth. These two ways are related by
a basis change. It is specified by
F j4j1j2j3 :
⊕
j
V jj1j2 ⊗ V j4jj3 →
⊕
j′
V j4j1j′ ⊗ V
j′
j2j3
(77)
and its action is diagrammatically represented as
in Fig. (5). The F -matrix is unitary, obeys the
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j1
j4
j2 j3
j
=
∑
|j1−j2|≤j′≤(j1−j2)
(F j4j1j2j3)
j′
j
j3
j4
j2j1
j′
Figure 5: F-matrix
orthogonality relation∑
l
(F j4j1j2j3)
l
j(F
j3
j4j1j2
)j
′
l = δ
j′
j (78)
and is subject to two further consistency condi-
tions. The first is called the pentagon relation/
Biedenharn-Elliott identity,
(F eabh)
j
f (F
e
fcd)
h
g =
∑
k
(F jbcd)
h
k(F
e
akd)
j
g(F
g
abc)
f
e . (79)
The second is termed as the hexagon relation,
Rgac(F
d
bac)
g
eR
e
ab =
∑
f
(F dbca)
g
fR
d
af (F
d
abc)
f
e . (80)
Finally, the braiding and the R-matrix are related
by
Bj1j2 =
∑
j
(F j4j1j3j2
−1
)j
′
j R
j
j1j2
(F j4j1j3j2)
j′
j , (81)
where Bj1j2 ∈ V j2j1j1j2 =
⊕
j V
j2j1
j ⊗ V jj1j2 and its
action is diagrammatically represented as in Fig.
(6).
Bj1j2
j1 j2
=
j2 j1
j1 j2
Figure 6: B-matrix
Comment: The F -matrix is the analogue of Wigner’s (q-
deformed) {6j}-symbol from recoupling theory [51] which
is extensively used in LQG [29]. We identify
(F j4j1j2j3)
j′
j =
{
j1 j2 j
′
j3 j4 j
}
q
. (82)
Although the R-matrix has already been discussed in
context of the quantum geometry of isolated horizons as
in [15], its relation (81) to the braiding matrix (58) and
particularly to the anyonic statistics of the model as done
in the previous subsections is a novel feature.
(5.) The modular S-matrix simultaneously diagonalizes
all the fusion matrices {Nj}. Through the Verlinde
formula [46] it is related to the fusion multiplicities
as
(Nj1)
j
j2
=
∑
d
Sdj2S
d
j1
(S−1)jd
Sd0
, (83)
where Sj1j2 =
√
2
k+2 sin
( (2j1+1)(2j2+1)pi
k+2
)
.
Comment: In the comment to point (2.) the Verlinde
formula was already implicit to find the dimension of
Hilbert space.
(6.) Topological spin hj and twist θj : The twist θj is
related to the topological spin by
θj = e
i2pihj = R0jj¯ . (84)
Their relation to the chiral central charge c− = c−c¯
is given by
1
D
∑
j
d2jθj = e
i 2pi8 c− . (85)
For the su(2)k-WZW-model used in [8] one has the
central charge c = 3k/(k + 2) and the conformal
dimensions hj = j(j + 1)/(k + 2). The topological
spin feature shows up, if one considers particles in
2 + 1 dimensions to be of finite extent rather than
being point-like. In the context of CS-theory the
thickening to a ribbon is called framing and it is
needed to preserve general covariance at the quan-
tum level [22, 25]. Considering the possibility of a
2pi rotation of a single particle relative to the rest
of the system amounts to a change of the quan-
tum wave function by a phase ei2piδ with δ = hj .
Their finite extent renders their world lines to rib-
bons which are twisted by such rotations. Hence,
(84) expresses the (topological) spin-statistics con-
nection of anyons. Notice however, that hj should
be differentiated from the actual spin of the object,
which is related to the transformation properties
with respect to the 2d rotation group SO(2) [40].
Even if the considered system does not exhibit ro-
tational invariance, hj is properly defined.
Comment: When focusing on just one anyon of finite ex-
tent out of N distributed on S2, then it cuts out a disc D2
with boundary S1. In the context of anyon models one
would consider S2 without D2 as the bulk supporting the
system of the remaining N−1 anyons and the 1d-circle as
the edge [43]. Typically, if a 2d-system supports anyons
in the bulk, one has also chiral massless excitations prop-
agating along the 1d-edge described by a CFT and whose
energy flux is proportional to the chiral central charge c−.
The anyons in the bulk do not determine c− completely,
hence (85) fixes c− only modulo 8. Apart from this, to
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consider the horizon punctures as extended objects giv-
ing in turn rise to the twist θj is a new feature. In the
large black hole limit the topological spin hj vanishes and
the twist is equal to 1, rendering the ribbon-like nature
unimportant. How these qualitative considerations can
have a bearing on the system of quantum gravitational
anyons of the horizon and how this might be related to
[52] will be investigated elsewhere.
To summarize, from the points (1.)-(6.) of this definition
(1.)-(3.) and (5.) have already been known in the de-
scription of quantum isolated horizons in LQG. The lat-
ter’s description for G = SU(2) has been accomplished
by means of a Wess-Zumino-Witten-CFT on the bound-
ing S2 [8], SU(2)k CS-theory on R × S2 [7, 11] or the
representation theory of the quantum deformed SUq(2),
with q a non-trivial root of unity [15]. Not surprisingly,
all these approaches led to the same expression for the
dimension of the isolated horizon Hilbert space. They
agree because the notions of a 2d modular functor, 3d
TQFT and modular tensor category are essentially the
same [53]. This article adds points (4.) and (6.) to the
literature on quantum isolated horizons, especially with
regard to the braiding matrix, topological spin and the
twist. We want to highlight that the former are crucial
in order to interpret the Hilbert space of the quantum
IH as being analogous to the fusion Hilbert space of non-
abelian anyons. Since the dimension of the fusion Hilbert
space is computed in exactly the same manner, consider-
ing the horizon punctures as non-abelian anyons neither
changes its dimension nor its entropy which both vary in
k.
Nevertheless, apart from the well known and exploited
fact, that the CS-level k serves as a IR cut-off by j ≤ k/2
[7, 8, 15, 54], from (58) we have deduced that the strength
of the non-local effects due to the braiding is controlled
by k and that they disappear for large black holes. Hence,
the non-local characteristics of the horizon Hilbert space
vanish when k → ∞ and we are left with the tensor
product of dj-dimensional Hilbert spaces that are locally
associated to each horizon degree of freedom.
D. k-dependence of the entropy and black hole
radiance spectrum
In the light of the previous subsections
(III A,III B,III C), we allow ourselves to add a qualitative
discussion of the relevance of the level k for the entropy
and the radiance spectrum of the quantum isolated
horizon.
Qualitatively, the braiding corresponds to non-local
quantum correlations between the horizon degrees of
freedom and thus adds order to the collective. Since
order reduces entropy, this suggests a reducing effect on
the horizon entropy for smaller (and smaller becoming)
black holes due to the correlations. If we assume without
loss of generality that all punctures take j = 1/2 in
(26) then for the entropy S ∝ logW ({nj}) one has
with constant N S(k1) < S(k2) < S(k → ∞) for
levels k1 < k2 < ∞ and limk→∞ ∂k
(
S(k)
)
= const..
We attribute this to k’s double role as a cut-off and
as a parameter controlling the non-local correlations.
Interestingly, the analysis of the entropy S(k) in [35] has
shown that
S = λA+ α logA, λ = const. (86)
for k → ∞ (with the notorious logarithmic correction
with α = − 32 as in [7, 8, 34]) whereas
S = λ(k)A(k) (87)
for finite k as in [35], i.e. small black holes. This sug-
gests that the appearance of the logarithmic correction
is related to the vanishing of the non-local effects, i.e.,
the collapse of the group of large diffeomorphisms to the
permutation group in the large k-limit. We will comment
on this in the discussion section.
Apart from the consequences for the entropy, it could
be interesting to see whether there are any traces of the
non-trivial statistics of the horizon degrees of freedom in
the outgoing radiation. To this aim, we invoke the fol-
lowing qualitative picture for the mechanism responsible
for black hole radiance as given in [18, 55]. Starting with
the microstates given in section (II B), we assume that
the black hole is initially in an eigenstate |i〉 of the hori-
zon area operator Â. Upon transition to a nearby state
|f〉 with slightly smaller area, radiation of energy ∆Eif
is emitted, which in turn leads to a reduction of the black
hole energy. Let the emitted quantum be of the gravita-
tional field with energy ∆Eif = ~ωif , where ωif denotes
its frequency at infinity. This transition is mediated by
the action of the full Hamiltonian operator on a vertex
near the horizon (as on the left in Fig. (3)), which leads
to a change in the spin associated to some of the attached
edges. The evolution of the horizon from one quantum
configuration to another via a dynamical phase thus cor-
responds to an emission (absorption) process of quanta of
the gravitational field by the horizon. The analysis of the
spectrum of this emission process thus yields a discrete
set of lines which depend on the matrix elements of the
Hamiltonian operator. For the determination of the in-
tensities of the corresponding spectral lines and the form
of the emission spectrum, one uses then the analogy to
transitions in atomic physics. By virtue of Fermi’s golden
rule this yields for the probablity of such a transition
i→ f
Pif =
2pi
~
|〈Ĥif 〉|2 δ(ω − ωif ) ω
2dωdΩ
(2pi~)3
. (88)
The matrix element of the part of the Hamiltonian of the
system being responsible for the transition is Ĥif and dΩ
is the differential solid angle. From this one gains the
total energy dI emitted by the system per unit time as
dIif = 2piω p(i) |〈Ĥif 〉|2 δ(ω − ωif ) ω
2dωdΩ
(2pi~)3
, (89)
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where p(i) is the probability to find the system in the
initial state i. Due to the fact, that the level spacing
between the eigenvalues of Â decreases exponentially for
large areas, the separation of the spectral lines can be
rather small, thus justifying the approximation of the
spectrum by a continuous profile in accordance with the
calculation of the black-body spectrum derived via semi-
classical arguments by Hawking.
To calculate the intensity distributions, the probabil-
ity distribution p(i) and the matrix elements Ĥif have
to be known. These are also the relevant quantities
to be inspected when checking if any (perhaps slight)
alteration of the spectrum due to the braiding is ex-
pectable. Firstly, when assuming for simplicity that all
accessible microstates occur with equal probability, one
has p(i) ∝ e−S since S ∝ logW ({nj}). Knowing that
W ({nj}) is explicitly k-dependent and having identified
that the variation of S with respect to k is also due to
the non-local effects, i.e. the braiding, one would have
p(i) ∝ e−S(k) and the spectrum would indeed be changed
by this. Secondly, the matrix elements Ĥif = 〈f |Ĥ|i〉
could very well be computed with braided states e.g.
|i′〉 = B̂|i〉 (also Ĥ does not in general commute with the
non-abelian phases) which would have a non-trivial ef-
fect on the spectrum and make it explicitly k-dependent.
In the limit of large black holes, however, the spectrum
would reduce to the one advocated in [55]. We leave
the issue of rigorously quantifying the spectrum in the
braided case, and in the improved local setting of [18]
which used the matrix elements computed in [56], for fu-
ture investigations.
The rigorous analysis of the emission of non-gravitational
quanta would require a more detailed understanding of
matter couplings in LQG. Nevertheless, when invoking
the semi-classical Parikh-Wilczek tunneling framework
[57] which understands the emission of a particle from
the black hole as a tunneling process, quantum gravity
corrections to the emission spectrum using the entropy-
area relation of (86) were given in [58]. In the tunnel-
ing picture the emission probability is proportional to a
phase space factor
Pif ∝ e
Sf
eSi
= e∆S . (90)
Using S as in (86) gives for the emission of a particle of
energy ∆E from a black hole of total energy E
Pif ∝
(
1− ∆E
E
)2α
exp
(
−8piE∆E(1− ∆E
E
))
, (91)
which explicitly depends on the log-corrections implied
by LQG. For a discussion of the consequences of the first
factor, see [58]. However, when using the k-dependent
S like (87), the first factor drops out and Pif becomes
explicitly k-dependent which could provide traces of the
non-trivial braiding and statistics in the outgoing radia-
tion. A detailed analysis of these tentative arguments in
the full theory would hinge much on a better understand-
ing of the Hamiltonian operator, the matter coupling in
LQG and is thus left for future investigations.
IV. DISCUSSION AND CONCLUSION
The purpose of this article was to investigate, whether
and how the notion of anyonic/braiding statistics has
bearing on the current LQG black hole model, based on
the isolated horizon framework and the quantization as
well as the symmetries of SU(2)-CS-theory on a punc-
tured S2. The main result is that such a model explicitly
displays (non-abelian) anyonic physics (as conjectured in
[17, 21, 59, 60]) by direct comparison to the definition of
a model of su(2)k-anyons known from solid state physics
in section (III C). The non-abelian phases (53,56,58) re-
sponsible for the puncture exchange are in principle ob-
servable for local stationary observers. Below we discuss
further implications and open questions.
In quantum theories of gravity, which are based on a
spacetime topology R×M , distinct quantum sectors la-
beled by the inequivalent unitary irreducible represen-
tations of the mapping class group of M exist. These
inequivalent quantizations, also called θ-sectors, show up
if the configuration space of a quantum system has a
non-trivial first homotopy group [39, 61]. As pointed out
e.g. in [62], the practical option in LQG is to consider
the large diffeomorphisms to act trivially on the diff-
invariant states [29]. However, as we have seen above,
the Hamiltonian formulation of CS-theory on the hori-
zon gives rise to a physical Hilbert space on which unitary
projective representations of the mapping class group act
non-trivially. Apart from the parallel transport of the
punctures, this action also leads to a braiding of corre-
sponding incident bulk spin network edges which changes
the overall knot class of the spin network. The amounting
topology change of the graph, i.e. the different knottings
in the vicinity of the horizon, correspond to the anyonic
statistics of the punctures.
When considering large black holes (k → ∞), we ob-
served that the (non-abelian) representations of the
braid/mapping class group of the punctured sphere on
the Hilbert space reduce to those of the permutation
group. Hence, the large k-limit effectively collapses much
of the group of large diffeomorphisms/braids and reduces
it to the respective symmetric group. The information
about the knotting is apparently lost and one is solely
left with the combinatorial information of the graph on
which the horizon impinging spin network lives. We
also lose the non-local character of the horizon Hilbert
space Invk(⊗pjp) then and are left with the ’ordinary’
tensor product Hilbert space Inv(⊗pjp). At this stage
we mentioned at the end of section (III D) that a nu-
merical analysis with jp = 1/2 ∀p suggests that S(k <
∞) < S(k → ∞). With this in mind let us briefly di-
gress to the LQG treatment of the BTZ black hole in
[59] where the question was raised, whether the differ-
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ence in the entropy calculations for a BTZ black hole
using the CFT and the LQG approach could be related
to disregarding large diffeomorphisms in the LQG treat-
ment. In the CFT approach the negative log-correction is
a result of the modular invariance (i.e. the invariance un-
der large diffeomorphisms of the torus) of the partition
function [2]. Back to the case of 4d LQG black holes,
it could now be interesting to investigate what happens
to the entropy if we posit the invariance of the functor
Z in Appendix (A) under large diffeomorphisms/braids.
Upon compactification of R to S1, Z gives the state-sum
Zmicro = Tr(ρˆmicro) = W ({nj}). Such invariance seems
to be fulfilled in the large black hole limit, since there M̂
is 1, B̂ is Ppp′ ∈ Sn1/2,...(S2) and the latter’s effect is al-
ready accounted for in the combinatorial pre-factor as in
(26). The entropy is then of the form (86) in comparison
with (87) where the log-correction is absent. This tenta-
tive statement seems to suggest that the log-correction is
indeed related to the large diffeomorphisms of the model
as conjectured in [59]. The relation between the anyonic
statistics/large diffeos and the log-correction deserves a
careful analysis and is left to future investigations. The
same holds for a detailed analysis of the radiation spectra
(89,91) for finite k. In this light, it would also be impor-
tant to understand better up to which (small) k-value
the effective framework is at all useful.
The scenario of anyonic statistics should also have bear-
ing on other types of boundary surfaces (e.g with different
topology than S2 and/or obeying other boundary condi-
tions) if we assume that on the kinematical level the basic
data are given by a bulk spin-network graph Γ piercing
the boundary at a set of points. The phase space of the
boundary theory would again give rise to (non-abelian)
phases as in section (III A). If the boundary conditions
are again of IH-type but the boundary surface has non-
trivial topology, the entropy can be computed as in [63].
However, if we considered a problem obeying a differ-
ent type of boundary conditions the statistical mechan-
ics would be more complicated since a priori one is not
allowed to use the powerful state-counting tools from CS-
theory. See e.g. [40] for (non-analytic) thermodynamic
calculations for anyon systems not exclusively described
by this theory.
We want to emphasize that in this article only gravita-
tional d.o.f. were considered and these were treated as
distinguishable. Recently, in [60] it was shown that by
introducing a holographic degeneracy factor accounting
for matter d.o.f., only indistinguishability of the horizon
states leads to a result consistent with semiclassical treat-
ments. This is not in contradiction to this article, since
we excluded matter d.o.f. from the very beginning. Upon
their inclusion, one would have to use the (symmetrized)
configuration space for N indistinguishable objects in
Appendix (C). This would lead to a braided statistics
for the horizon d.o.f. based on considering only BN and
not Bn1/2,...,nk/2 . Whether a complete discussion of these
points is in accordance with the suggestions of [60] re-
garding the effect of anyonic statistics and how the sym-
metrization of the boundary condition might be related
to a second quantized framework of LQG [64], should be
clarified.
The discussion laid out in section (III) is also supported
from the recent rigorous attempt at providing a full in-
trinsic definition of a quantum horizon from within LQG
in [21]. There it was shown, that the horizon states are
invariant under diffeomorphisms leaving the punctures
fixed and it was noted in [18, 21], that this symmetry gets
broken, if one interchanges two differently labeled punc-
tures. It is clear by now, that such an exchange must be
mediated by a large diffeomorphism, implying the statis-
tical symmetry of this framework. In this light it could
be checked, whether the algebra of observables used in
[21] also admits a non-trivial quasi-triangular Hopf alge-
bra structure allowing for the braiding symmetry [26].
Finally, we used that topological states of matter studied
in solid state physics, e.g. so-called fractional quantum
Hall systems, obey non-abelian braiding statistics [43].
The analogy of the LQG black hole model to such distinct
solid state systems laid out in (III C) could in principle be
used to get a better understanding of the former’s nature
following the spirit of ”analogue gravity” [65]. For such
topologically ordered 2d-solid state systems a universal
characterization of the many-particle quantum entangle-
ment was found. In the entanglement entropy of such sys-
tems a universal entropy reducing constant occurs. This
topological entanglement entropy accounts for the corre-
lations related to the non-local nature of the Wilson line
operators [66] and could also be studied in the context of
LQG black holes.
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Appendix A: Atiyah’s TQFT axiomatics
We briefly present the axiomatization of Witten’s no-
tion of a TQFT [22] by Atiyah [67] to complement the
content of sections (II,III).
A (2+1)-dimensional TQFT (Z, V ) over C consists firstly
of the association of a vector space V (Σ) over C to every
closed oriented smooth 2-dimensional manifold and sec-
ondly of the association of an element Z(M) ∈ V (∂M) to
every compact oriented smooth 3-dimensional manifold
M . These two associations are subject to the axioms:
1. (Z, V ) is functorial with respect to orientation pre-
serving diffeomorphisms of Σ and M : Let φ : Σ→
Σ′ be such a diffeomorphism, then one associates
to it a linear isomorphism V (φ) : V (Σ) → V (Σ′).
For a composition of φ with χ : Σ′ → Σ′′ one has
V (χ ◦ φ) = V (χ) ◦ V (φ). If φ extends to an ori-
entation preserving diffeomorphism M →M ′ with
15
∂M = Σ and ∂M ′ = Σ′, one has V (φ)(Z(M)) =
Z(M ′).
2. (Z, V ) is involutive, i.e. V (−Σ) = V (Σ)∗.
3. (Z, V ) is multiplicative.
4. If Σ = ∅ then one requires V (∅) = C and if M = ∅
then Z(∅) = 1. For generic Σ, the identity endo-
morphism of V (Σ) reads: Z(Σ × I) = idV (Σ) and
crucially dim(V (Σ)) = TrV (id|V (Σ)) = Z(Σ × S1)
gives the dimension of the respective TQFT-vector
space.
Endowed with additional structure, V (Σ) turns into a
Hilbert space HΣ.
Example 1: Let M be a closed 3-manifold with ∂M = ∅.
Then Z(M) ∈ V (∅) = C is a constant and hence the
theory produces numerical invariants of 3-manifolds. For
the case of CS-theory, Z(M) is just equal to (5). Zk(M)
defines a topological invariant of the closed 3-manifold
M , which is termed as the quantum G-invariant of M at
level k. A natural class of gauge invariant observables of
CS-theory not requiring a choice of metric are the Wilson
loop operators. Let L be an oriented link embedded in
M = S3 with N components {Ci}i=1..N , each of them
colored with an irreducible representation ρi of G. The
expectation value of a product of Wilson loop operators
W (L) =
∏N
i=1 Trρi [P e
i
∮
Ci
Ai ] is
Zk(M,L) = 〈W (L)〉 =
∫
DA eiSCS [A]W (L)∫
DA eiSCS [A]
. (A1)
Due to general covariance, this is invariant under smooth
deformations of the (framed) link L. In SU(2)k-CS-
theory 〈W (L)〉 is equal to a corresponding evaluation of
the Jones polynomial JL(q) with q = e
i 2pik+2 and it is a
topological invariant of knot theory.
Example 2: Let ∂M = Σ 6= ∅, then the axioms assign
to the boundary the physical Hilbert space HΣ and to
the 3-manifold M the vector Zk(M) ∈ HΣ, representing
the time evolution of states.
The axioms imply how to yield representations of map-
ping class groups MCG(Σ) of closed oriented surfaces Σ
from a (2 + 1)-dimensional TQFT. Let φt be the isotopy
of an orientation preserving diffeomorphism Σ → Σ, i.e.
φ falls into one particular mapping class [φ]. Then
V (φ) = ρ(φt) : HΣ → HΣ (A2)
is homotopically invariant. It is implied that
ρ : MCG(Σ)→ End(HΣ) (A3)
is a well-defined representation of MCG(Σ) =
Diff+(Σ)/Diff0(Σ), which acts as a symmetry on HΣ.
The axioms also imply how to obtain the dimension of
HΣ for M ∼= Σ × S1. Coupling such a TQFT to a 1-
dimensional one, corresponds to puncturing Σ at the set
of points {pi} by unknotted parallel circles colored with
their respective representations {ρi}. For Σ = S2 the
application of the partition function to this configuration
gives
Z(S2 × S1; {ρi}) = dim(HS2;{ρi}) (A4)
and using techniques from CFT [9, 22, 46] for a con-
figuration of distinguishable punctures with occupation
numbers {nj} one yields eq. (26) [7, 8, 15].
(A3) holds also for the case of punctured surfaces [22, 46].
The precise form of the mapping class group of the punc-
tured sphere is recovered below.
Appendix B: Braid group, symmetric group, pure
braid group and their relations
Following [68–70], facts about the braid group are
gathered.
Definition B.1 The (Artin) braid group BN on N
strands is an infinite group, which has N − 1 genera-
tors σi, with (1 ≤ i ≤ N − 1). The generators obey the
following two relations
1. σiσj = σjσi, |i− j| ≥ 2,
2. the Yang-Baxter-relation
σiσi+1σi = σi+1σiσi+1, i = 1, 2, ..., N − 2 . (B1)
(σi)
−1 denotes the inverse and e the identity. The genera-
tor σi corresponds to the braiding of the i-th strand with
the i+ 1-th strand in an anti-clockwise direction, where
no other strands are enclosed. The multiplication of the
generators is geometrically understood as a concatena-
tion of braids. Fig. (7) depicts an elementary braid.
Taking the special case where σ2i = e for 1 ≤ i ≤ N − 1,
Figure 7: Depiction of a braid.
the braid group reduces to the permutation group SN ,
which is a finite subgroup of BN . For braiding distin-
guishable strands, the pure braid group is introduced.
Definition B.2 The pure braid group PBN is a normal
subgroup of BN and has a presentation (Burau) with the
generators
γi,j = σj−1σj−2...σi+1σ2i σ
−1
i+1...σ
−1
j−2σ
−1
j−1, (B2)
with 1 ≤ i < j ≤ n and the following relations
γr,sγi,jγ
−1
r,s =
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
γi,j
γ−1i,s γi,jγi,s
γ−1i,j γ
−1
i,r γi,jγi,rγi,j
γ−1i,s γ
−1
i,r γi,sγi,rγi,jγ
−1
i,r γ
−1
i,s γi,rγi,s
s < i or j < r
i < j = r < s
i < r < j = s
i < r < j < s.
(B3)
The action of the generator γi,j is illustrated in Fig. (8).
For pure braids the end points are kept fixed, whereas
i i+ 1
j j + 1
.. .
Figure 8: Depiction of a pure braid.
in BN they can be permuted. The kernel of the epimor-
phism f : BN → SN is PBN , which can be compactly
written as the short exact sequence
{e} → PBN → BN → SN → {e}. (B4)
Appendix C: Topology of configuration spaces for
(in)distinguishable particles
Let the configuration space of one particle be denoted
by F = X. For N indistinguishable particles one can-
not make a distinction between points in FN = XN
differing by the order of the particle coordinates. Let
x = (x1, ..., xN ) ∈ XN and a different point x′ ∈ XN
with x′ = P (x) = (xP−1(1), ..., xP−1(N)), where P ∈ SN .
Physically equivalent configurations are thus orbits of
points in XN with respect to SN . The configuration
space is QN ≡ XN/SN .
More formally, let M be a connected manifold of dimen-
sion d = 2 or higher. Let N be a positive integer, de-
noting the total particle number. Define Faddell’s con-
figuration space of a set of N ordered points in M to
be
FN (M) = {(x1, ..., xN ) ∈M×...×M |xi 6= xj for i 6= j}.
(C1)
In the physical context the ordered points are distinguish-
able particles. In contrast,
QN (M) ≡ FN (M)/SN (C2)
is the configuration space of a set of N unordered points
in M , representing indistinguishable particles.
A particle exchange by means of an adiabatic transport
in d = 2 spatial dimensions is different from d = 3. In 3d
paths can be continuously deformed, whereas in 2d the
topology of the configuration space allows for an oriented
winding by an arbitrary number of times around other
particles. Mathematically, these properties of the trans-
port paths are captured by the first homotopy group of
the configuration space. For indistinguishable particles
it is given as:
pi1
(
QN (M)
)
∼= SN (d = 3); BN (M) (d = 2). (C3)
There are only two one-dimensional representations of
SN , namely the identical (σi = 1) and the alternating
one (σi = −1), giving in the corresponding quantum
theory rise to bosonic and fermionic statistics. Quan-
tum states for N indistinguishable particles in 2d are
elements of a Hilbert space which transforms unitarily
under representations of BN . If the wave functions are
multiplets, one deals with higher-dimensional represen-
tations of BN . These depict non-abelian anyons, giving
rise to non-abelian braiding statistics, introduced in [42].
The representation
ρ : BN (M)→ U(HM ;N ), (C4)
maps into the unitary transformations of the Hilbert
space HM,N , being in accordance with (A3). An element
of BN acts on states as
ρ(σi) |ψ〉 = |ψ′〉. (C5)
The non-abelian character is due to
[ρ(σi), ρ(σj)] 6= 0. (C6)
In contrast to the above discussion, one has for distin-
guishable particles/punctures
pi1
(
FN (M)
)
∼= PBN (d = 2), (C7)
whereas for d = 3 the fundamental group is just e ∈ SN .
If an N -particle system consists of a variety of distinct
and thus distinguishable species, one has nj particles of
species j with N =
∑jmax
j nj . The configuration space is
QN = FN (M)/Sn1 × · · · × Snjmax (C8)
and its first homotopy group is
pi1(QN ) = Bn1,··· ,njmax (M). (C9)
It generalizes the braid group BN (M) to jmax dis-
tinguishable strand species. (C9) is an extension of
PBn1+···+njmax by Sn1 × · · · × Snjmax and one has the
short exact sequence
{e} → PBn1+··· → Bn1,··· ,njmax → Sn1 × · · · → {e}.
(C10)
Appendix D: Spherical braid and pure braid group
A braid on M = S2 has the following geometric pic-
ture. One can draw two spheres with different radii
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around the same center point. Moving a point on the first
sphere to another position is kept track of by a strand,
connecting both spheres. The respective braid groups are
pi1(FN (S2)) = PBN (S2) and pi1(QN (S2)) = BN (S2), re-
spectively. The generators of BN (S
2) are those of BN
supplemented by
σ1σ2...σ
2
N−1...σ2σ1 = 1. (D1)
This constraint reflects that a closed loop can be contin-
uously deformed and shrunk to a point on the back of
the sphere due to its compactness [68–70].
The spherical pure braid group PBN (S
2) needs apart
from the upper presentation for the γi,j ’s the conditions
1.) γi,j = γj,i for i < j ≤ N , 2.) γi,i = 1 and 3.)
γi,i+1γi,i+2...γi,i+N−1 = 1 for i ≤ N , where the indices
in the latter are considered to run modN .
Finally, for jmax species of punctures distributed on S
2
together with (C10) the braid group reads
Bn1,...,njmax (S
2). (D2)
Appendix E: Mapping class group and braid group
on the sphere
Consider Sg,b,N to be an oriented surface of genus
g, with b boundary components and a set of N
marked points/punctures in the surface, following [68–
70]. Homeo+(Sg,b,N ) is the group of orientation preserv-
ing self-homeomorphisms of Sg,b,N . These fix pointwise
the boundary if b > 0 and they map the set of N marked
points into itself. Homeo0(Sg,b,N ) is its normal subgroup
and its elements are isotopic to the identity. It is a fact,
that homotopic homeomorphisms of the compact surface
S (even with a finite number of marked points) are iso-
topic, as long as S is not the disc or the annulus. Addi-
tionally, one can improve homeomorphisms of this S to
diffeomorphisms. Then isotopies are replaced by smooth
isotopies. The mapping class group Mg,b,N , is defined as
Mg,b,N ≡ pi0(Homeo+(Sg,b,N )) =
Homeo+(Sg,b,N )/Homeo0(Sg,b,N ). (E1)
With the given facts this can be restated as
Mg,b,N ≡ pi0(Diff+(Sg,b,N )) =
Diff+(Sg,b,N )/Diff0(Sg,b,N ), (E2)
also denoted as ”MCG(S)” or ”Γg,N”. Diff
+(Sg,b,N )
is the group of orientation preserving diffeomorphisms
of Sg,b,N , that are the identity on the boundary and
that act non-trivially on the punctures. They are also
called ”large diffeomorphisms”. On the other hand,
Diff0(Sg,b,N ) is the group of small diffeomorphisms. Al-
together, Mg,b,N is the group of diffeomorphisms of S,
which leave the set of punctures invariant, modulo iso-
topies, which leave the set of punctures invariant. It
is the space of path components or isotopy classes of
Diff+(Sg,b,N ). However, this allows the diffeomorphisms
in Diff+(Sg,b,N ) to permute the N punctures. In con-
trast, for an ordered set of N punctures, indicated by
N̂ , one has Diff+(Sg,b,N̂ ). Due to the ordering, different
orderings are discernible and the punctures are thus dis-
tinguishable. The respective pure mapping class group
constitutes itself through the isotopy classes of diffeo-
morphisms, which preserve the punctures pointwise. It
is defined as
PMg,b,N = Diff
+(Sg,b,N̂ )/Diff0(Sg,b,N̂ ). (E3)
There is a natural epimorphism f : Mg,b,N → SN , whose
kernel is precisely PMg,b,N and one is led to the short
exact sequence
{e} → PMg,b,N →Mg,b,N → SN → {e}. (E4)
Importantly, these groups are closely related to braid
groups. In Appendix (C,D) pi1(QN (S
2)) = BN (S
2)
was recovered. In [71] it was shown that pi1(SO(3)) =
pi1(Diff
+(S2)) = Z2. When N ≥ 2, this group maps non-
trivially onto pi1(Diff
+(S2)). The short exact sequence
{e} → pi1(Diff+(S2))→ pi1(QN (S2))→MN (S2)→ {e}
(E5)
is equivalent to
{e} → Z2 → BN (S2)→MN (S2)→ {e}. (E6)
From this one finds
MN (S
2) ∼= BN (S2)/Z2. (E7)
MN (S
2) has the same generators as BN (S
2) but is sup-
plemented by an additional condition generating the oc-
curring Z2, namely
[σ1...σN−1]N = 1. (E8)
This is equivalent to [σ1...σN−1σ1...σN−2...σ1σ2σ1]2 = 1
when using the definition of BN . Elements which obey
(E8) correspond to those of BN (S
2), where the N strands
are rotated by a 2pi twist. This twist can be untan-
gled when applying it twice, also known as Dirac’s belt
trick. In contrast to this, one has M0,1,N ∼= BN (D2)(∼=
BN (R2)) for the disc. For the pure case one has
PMN (S
2) ∼= PBN (S2)/Z2. (E9)
Analogously to (D2), the generalization for njmax-species
leads to
Mn1,...,njmax (S
2) ∼= Bn1,...,njmax (S2)/Z2. (E10)
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